Under suitable conditions on f (t, y(t +θ)), the boundary value problem of higher-order functional differential equation (FDE) of the form
Introduction
In this article, we consider the existence of positive solutions for boundary value problems of an nth-order functional differential equation (FDE) In the last twenty five years, many authors considered the boundary value problem (BVP) with n = 2 under the situation that τ = a = 0, in this case, (BVP) becomes the two-points boundary value problem for second-order ordinary differential equation which has strong background in the fields of mechanics, physics, and applied mathematics; see [1, 4, 11] .
Recently, Erbe and Kong [3] investigated the boundary value problem of functional differential equations of the form y (t) + Q(t, y(w(t))) = 0. For example, Q(t, y) = (1/y n ) (n > 0) has singularity at y = 0. As pointed out by the authors of [3] , the study of (BVP) is of significance since it arises and has applications in variational problems in control theory and other areas of applied mathematics. In fact, the existence of positive solutions of (BVP) with n = 2 had been studied by many authors; see, for example, Henderson and Hudson [5] , Hong et al. [7] , Lee and O'Regan [9, 10] , Ntouyas et al. [12] and Weng and Jiang [14] .
Recently, the study of higher-order functional differential equation has received more attention from some authors; see, for example, Davis et al. [2] , Henderson and Yin [6] and Taunton and Yin [13] . Some of them, see [2, 6] , examined the existence of solutions of (FDE) under the boundary conditions
Here φ ∈ C[−τ, 0] which satisfies φ(0) = 0 and 0 k n is a positive integer.
The purpose of this paper is to establish the existence of positive solutions of the functional differential equation (FDE) with boundary conditions (BC) under suitable conditions on f .
Definitions and lemmas
In order to abbreviate our discussion, throughout this paper, we suppose that the following assumptions hold:
subject to the boundary conditions (BC) with τ = a = 0.
subject to the boundary conditions
where α, β, γ and δ are defined as in (i).
Note. It is easy to see that
In order to establish our main result (Theorem 2.1 below), we need the following two useful lemmas. The first lemma is due to Hong et al. [7] . The second lemma is due to Krasnoselski [8] .
Lemma A [7] . Suppose that g(t, s) is defined as in (C 2 ) and M defined as in (C 4 ). Then we have the following results:
Suppose that y(t) is a solution of (BVP); then it can be written as
where y(−τ ; t) and y(b; t) satisfy
and
respectively. Throughout this paper, we assume that u 0 (t) is the solution of (BVP) with f ≡ 0. Clearly, it satisfies Let y(t) be a solution of (BVP) and u(t) = y(t) − u 0 (t). Note that u(t) ≡ y(t) for 0 t 1, and u(t) satisfies
Now, we can state and prove our main result. 
Proof. Without loss of generality, we may assume that λ < µ. Let E = C (n−2) ([−τ, b]; R)
Clearly, E is a Banach space. Define a cone K in the Banach space E by
, where M is defined as in (C 4 ).
Define a mapping Φ : K → K as follows:
Thus, that Φu [−τ,b] = Φu [0, 1] . It follows from the definition of K and Lemma A that
It follows from
It is easy to see that Φ : K → K is completely continuous. In order to complete the proof, we separate the rest of the proof into the following two steps.
Step (I). Let
Step (II). Let
Thus

Mµ u (n−2) (t + θ) µ for t ∈ E M , and hence
Mµ u (n−2) (t
+ θ) + u (n−2) 0 (t + θ) µ + M 0 for t ∈ E M . Then (Φu) (n−2) 1 2 = 1 0 g 1 2 , s f s, u(s + θ) + u 0 (s + θ) ds E M g 1 2 , s f s, u(s + θ) + u 0 (s + θ) ds µ E M g 1 2 , s ds −1 E M g 1 2 , s ds u [−τ,b] µ = u [−τ,b] .
It follows from (H 2 ) that
Hence
, which satisfies the hypothesis (H 2 ) of Theorem 2.1.
Hence, we have the following two cases.
(since L can be chosen arbitrarily large, λ 1 can be chosen arbitrarily large, too), ψ) is unbounded, hence, there exists λ 2 ρ (λ 2 can be chosen arbitrarily large) and t 0 ∈ [0, 1] such that 
then (BVP) has at least two positive solutions ψ 1 and ψ 2 such that
Proof. It follows from Remark 2.2 that there exist two real numbers µ 1 and µ 2 satisfying
, and
Hence, by Theorem 2.1, we see that (BVP) has two positive solutions ψ 1 and ψ 2 such that
Thus, we complete the proof. 
Thus, we complete the proof. 2
